
262 AIAA JOURNAL VOL. 8, NO. 2

Plastic Buckling of Eccentrically Stiffened
Multilayered Circular Cylindrical Shells

ROBERT M. JONES*
The Aerospace Corporation, San Bernardino, Calif.

A transcendental stability criterion is derived for plastic buckling of eccentrically stiffened
circular cylindrical sbells with multiple isotropic layers under combinations of axial and
lateral pressure (including one component of pressure which causes tension). The deforma-
tion theory of plasticity is utilized in conjunction with classical stability theory, which im-
plies a membrane prebuckled shape, for a set of simply supported edge boundary conditions.
The uniaxial character of the stiffeners and their eccentricity (asymmetry about the reference
surface) are accounted for as are variable Poisson's ratios above the yield stress (proportional
limit). Coupling between bending and extension of the shell layers is included. The tech-
nique of applying this type of stability criterion is discussed for the first time and includes new
procedures required for multilayered shells. Numerical examples are given to illustrate ap-
plication of the theory.
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Nomenclature f

= ring spacing (Fig. 1)
= cross-sectional area of a stiffener
= plasticity coefficients [Eq. (12)]
= stringer spacing (Fig. 1)
= plastic buckling extensional stiffnesses of the

layered shell
= elastic extensional stiffnesses of the layered shell
= plastic prebuckling extensional stiffnesses of the

layered shell
= material parameter [Eq. (25)]
= coupling stiffnesses of the layered shell
= plastic buckling bending stiffnesses of the lay-

ered shell
= elastic bending stiffnesses of the layered shell
= plastic prebuckling bending stiffnesses of the

layered shell
= strain intensity [(Eq. (2)]
= Young's modulus
= secant modulus
= tangent modulus
= secant shearing modulus, Esec/[2(l + v)]
— moment of inertia of a stiffener about its centroid
= torsional constant of a stiffener
= function of material properties of the /cth layer

[Eq.(ll)]
= length of circular cylindrical shell (Fig. 1)
= number of axial buckle halfwaves
= moments per unit length
= number of circumferential buckle waves
= in-plane axial, circumferential, and shear forces

per unit length
= applied axial and circumferential forces per

unit length
= shell reference surface radius (Figs. 1 and 2)
= thickness of /cth shell layer
=' axial, circumferential, and radial displacements

from a membrane prebuckled shape
= axial, circumferential, and radial coordinates

on shell reference surface (Fig. 1)
= distance from stiffener centroid to shell reference

surface (Fig. 1), positive when stiffener on
outside

— axial, circumferential, and shear strains
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t A comma indicates partial differentiation with respect to

the subscript following the comma. The prefix 8 denotes the
variation during buckling of the symbol which follows.

ei,e2,€3 = variations in reference -surface axial, circumfer-
ential, and shear strains [Eq. (8)]

X = eigenvalue defined by Eq. (27)
X; = iih eigenvalue
v = Poisson's ratio [Eq. (6)]
ve = Poisson's ratio in the elastic state
<ji — stress intensity [Eq. (1)]
O-QY =0 .2% offset yield stress
<rx,<ry,TXy = axial, circumferential, and shear stresses
CY — yield stress (proportional limit)
xi>X2,X3 = variations in reference surface curvatures [Eq. (9)]

Superscript
k = /cth shell layer

Subscripts
c = calculated
e = estimated
k = /cth shell layer
ps = prescribed strain
r = ring
s = stringer

Introduction

THE ring- and stringer-stiffened circular cylindrical shell
is a common aerospace structural element for which con-

siderable information is available on elastic buckling, but
little on plastic buckling. Gerard1 used conventional ortho-
tropic shell theory to represent a stiffened single-layered
circular cylindrical shell, but did not account for the essentially
uniaxial character of the stiffeners nor their eccentricity
(asymmetry about the shell middle surface). Jones2 cor-
rected the aforementioned deficiencies. Peterson3 extended
Jones' work to shell configurations which have geometrical
and material properties symmetrically disposed about the
middle surface (including sandwich shells for which trans-
verse shear effects are treated).

The object of the present paper is to extend previous
theories to consideration of plastic buckling of eccentrically
stiffened circular cylindrical shells with multiple isotropic
layers which are not symmetrically disposed about a reference
surface (see Figs. 1 and 2). The loading is arbitrary combina-
tions of axial and lateral pressure including axial tension and
external pressure as well as axial compression and internal
pressure. Classical stability theory, which implies a mem-
brane prebuckled shape, is used for the simply supported
edge boundary conditions 5NX = v = w = 5MX = 0. Each
layer of the thin multilayered shell is perfectly bonded to
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adjacent layers; accordingly, the Kirchhoff-Love hypothesis
is invoked in consonance with conventional thin shell theory.4
Coupling between bending and extension of the layers is in-
cluded in the derivation in the manner of Jones.5 One-
dimensional beam elements are used to represent the stiffeners
in an approximate manner after Block, Card, and Mikulas6

in order to account for coupling between bending and ex-
tension of the shell and stiffeners.

Simple /2 deformation theory of plasticity (also called
maximum octahedral shear stress theory, maximum energy
of distortion theory, etc.) is utilized in spite of the fact that
incremental theory is probably more valid for general loading
histories. It is well known that incremental and deformation
theories yield identical results for proportional loading
equilibrium problems because in that case deformation theory
is integrated incremental theory. However, Budiansky7

shows that deformation theory is consistent with accepted
incremental theory conditions even for a range of nonpro-
portional loading around the proportional loading condition.
The permissible bounds on degree of nonproportional loading
are not necessarily satisfied by the deformations during
buckling. However, experimental shell buckling results
appear to be in reasonably good agreement with deformation
theory predictions whereas the same cannot be said for incre-
mental theory predictions. Nevertheless, more experi-
mental evidence is required to fully substantiate the appli-
cability of deformation theory to plastic buckling problems.

The present solution is an extension of Stowell's work8 in
which it is assumed, in accordance with Shanley's tangent
modulus theory,9 that unloading does not occur during
buckling. In contrast to the constant Poisson's ratio (v =
•§•) employed by Stowell,8 a variable Poisson's ratio provides
a smooth transition from the elastic (compressible) state to
the plastic (incompressible) state with increasing stress
intensity. Donnell-type stability differential equations are
employed to derive a transcendental stability criterion in
terms of the geometry and material properties at buckling.
The technique of applying this type of stability criterion is
discussed for the first time and includes new procedures
required for multilayered shells. Numerical examples are
given to illustrate application of the theory.

Derivation of Stability Criterion

By use of simple J2 deformation theory of plasticity, ex-
pressions are obtained for the variation of biaxial stresses

A-A

Fig. 2 Cross section of an ]V-layered shell.

during buckling in terms of the variations of strains and
material properties during buckling in each layer of a multi-
layered circular cylindrical shell. The variations in biaxial
stresses are integrated over the shell layers and the variations
in uniaxial stresses are integrated over the stiffeners in order
to obtain expressions for the variations in forces and mo-
ments during buckling of a stiffened shell. Finally, the
variations in forces and moments are substituted in Donnell-
type stability differential equations which are solved for
simply supported edge boundary conditions to yield a
transcendental stability criterion in terms of the geometry
and nonlinear material properties of the stiffened shell.
The criterion is applicable for arbitrary combinations of axial
and lateral pressure; its solution is described in a subsequent
section.

Fundamental Relations in J% Deformation Theory

The fundamental quantities in the /2 deformation theory
of plasticity (see Nadai10) for the kih layer of a multilayered
shell are the stress intensity, o-^

(Tik = (ffxl? + <Tyl? ~ CTxkVyk + 3<rsv*2)1/2 (1)

and the strain intensity, dk

eik = [l/(l - Vk*)][(l - Vk + Vk*)(exk
z + e,*2) -

(1 - 4% + vtfexkeyk + (f)(l - J^V,,*2]1" (2)

The stress-strain relations which link the stress and strain
intensities are

(3)

In addition, certain material properties are defined in terms
of the stress and strain intensities: First, the secant
lus,#Secfc

second, the tangent modulus,

and finally a variable Poisson's ratio

(4)

(5)

where Ek is the elastic Young's modulus and vek is the elastic
Poisson's ratio. By use of Eq. (6), a smooth transition is
provided between the elastic (compressible) state and the
plastic (incompressible) state as the stress intensity is
increased.

Variations of Strains during Buckling

In accordance with the Kirchhoff-Love hypothesis, a linear
strain distribution exists during buckling. Thus, the vari-
ations of strains in the kih layer during buckling are

Fig. 1 Stiffened multilayered shell. = €i
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CALCULATE YIELD LOAD, Ay, AS
INITIAL ESTIMATED LOAD, XQ, IN SEARCH TECHNIQUE

ASSIGN 4Xa = Ay/10

DETERMINE LAYER AND STIFFENER
STRESSES, STRAINS, AND MATERIAL PROPERTIES

AT ESTIMATED LOAD, A0

CALCULATE BUCKLING LOAD, AC,
FOR VALUES OF m AND n BY EG-(35)

[FIND ABSOLUTE MINIMUM CALCULATED BUCKLING LOAD, xc

[COMPARE ABSOLUTE MINIMUM CALCULATED BUCKLING LOADJ
|__________AC- WITH ESTIMATED LOAD, Xe__________|

Fig. 3 Stability criterion solution procedure.

where ei, e2, and €3 are the variations of the reference surface
strains

61 = U,x, €2 = V,y + W/R, €3 = U,y + V,x (8)

Xi, %2, and %3 are the variations in reference surface curvatures

Xi = —w,xx X2 = -w,yy %3 = -2w,xy (9)
and Zk is the distance from the reference surface to the middle
surface of the fcth layer.

Variations of Stresses during Buckling

The variations of stresses in each layer are obtained from
Eq. (3) in the manner of Jones2 and are, for combinations of
axial and circumferential stress, i.e., rxy = 0,

(10)

8<rxk = £11* (ei + ZkXi) + #12* fe +

8<ryk =

drxyk =

where

and

An« =

(11)

in which

and

<rx* + /i*(o-»* + "*<r**)] X
[(2 - Vk)ffxk - (I - 2vk)<Tyk]

(Kk/2)[-<Txk + Vk(<Tyk + ?****)] X

[(2 - pk)ffvk - (I - 2Vk)crxk]

ffyk + iJik(axk + pk<rvk)] X
[(2 - pk)(rvk - (1 - 2vk)orxk]

=(!- Eian
k/Esec

k)/(Hk<rik*)

(12)

(13)

- vj)} (14)

where Hk is defined in Ref. 2.
The variations of the stiffener stresses during buckling

from a membrane prebuckled shape are obtained by varying
the normal stresses

__ TJI __ Tji /-j r\

and from the last of Eq. (10) as

E^S^ (ie)

Note that the variations of shear stress are not obtained from
uniaxial relations in parallel to Eq. (15) because such rela-
tions do not apply when no shear strain exists prior to
buckling.

Variations of Forces and Moments during Buckling

The variations of forces and moments during buckling are
obtained by integration of the variations of stresses over the
shell layers and stiffeners. The effect of the stiffeners is
averaged or "smeared out" over the stiffener spacing, e.g.,

N r
= E L^T! J **

1 rb J*i d<TXsdA* (17)

where tk denotes the thickness of the &th layer and N is the
number of layers. Integration yields

dNy =

5Nxy =
(C2

(18)

(Dn

8My = Ci2

dMxy = -

(D2

(19)

where

&==!

« = ^ E

(20)

in which AT is the number of layers, 5^ is the distance from the
inner surface of the layered shell to the outer surface of the
&th layer, and A is the distance from the inner surface of the
layered shell to the reference surface. The stiffnesses in
Eq. (20) are due to Ambartsumyan4 and depend on the loca-
tion of the reference surface (see Fig. 2). In Eq. (20), By
and Da are plastic buckling extensional and bending stiff-
nesses, respectively, whereas the C»/ are coupling stiffnesses.
The elastic extensional and bending stiffnesses, 5»y and 5<y,
are obtained by using elastic values of A*/[An* = A22

fc =
1? ^412fc = Vkj and A33* = (1 — vk)/2], elastic moduli and
elastic Poisson's ratios in Eqs. (15) and (20). The^ plastic
prebuckling extensional and bending stiffnesses, Bi3 and
&ijj are obtained by using the elastic values of A#*, plastic
secant moduli, and plastic Poisson's ratios in Eqs. (15) and
(20).

Stability Criterion

The following buckling displacements:

u = u cos(ra7nc/L) cos(ny/R)
v = v sin(mirx/L) sm(ny/R)
w = w $m(mirx/L) cos(ny/R)

(21)
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satisfy the simply supported edge boundary conditions
8NX .= v = w = dMx = 0 and are substituted [along
with the variations of forces and moments during buck-
ling, Eqs. (18) and (19), and the variations of reference
surface strains and changes of curvature, Eqs. (8) and (9) ] in
the Donnell-type stability differential equations for circular
cylindrical shells subjected to combinations of axial and
lateral pressure

dNx 8Nx = 0

-dMx

dNxy,x + dNy,y = 0
8MXVtXV - 8Myx,xy - dMy,yy + 5Ny/R +

Nxw,xx + Nyw,yy = 0

\ (22)

In order to obtain a nontrivial solution to the resulting homo-
geneous equations in u, v, and w, i.e., an exact solution to the
stability differential equations, the determinant of the co-
efficients of u, v, and w must be zero, and the following sta-
bility criterion results:

Nx(mir/L)z + Ny(n/R)* =

where

= (£12

(23)

(Cn + s«#iwV&) X
+ (£12 + 2C^(rrnr/L)(n/RY

(4D3 X

(D2 X

Equation _(23) is a transcendental expression for the buck-
ling forces Nx and Ny in terms of the material properties at
Nx and Ny and in terms of the geometry and buckling mode
numbers. The stability criterion represented by Eq. (23)
reduces to Jones' solution2 for plastic buckling of stiffened
single-layered shells; Jones7 solution5 for elastic buckling of
stiffened multilayered shells; Block, Card, and Mikulas'
solution6 for stiffened elastic single-layered shells; and the
classical Euler solution for unstiffened elastic shells. The
solution of Eq. (23) for the lowest buckling load is discussed
in the next section.

Solution of Stability Criterion

The buckling load calculated from Eq. (23) depends on
the geometry, buckling mode parameters, m and n, and
material properties. However, the material properties are a
function of the buckling load. Thus, Eq. (23) is a tran-
scendental expression and because of this and the numerous
geometric and material properties, a computer program11

is essential to the practical calculation of buckling loads.
Actually, the major portion of the effort in analysis of plastic
buckling of shells is in the solution of the transcendental
stability criterion. However, little, if any, discussion of the
solution procedure is published. Description of the solution

procedure is especially important for multilayered shells
because of required new techniques.

The solution procedure is displayed schematically in Fig.
3 and is outlined in the following sentences; each step is
described in the following subsections. The objective of the
solution procedure is to logically estimate a succession of
loads to search for the load at which the stiffened multi-
layered shell buckles according to the transcendental stability
criterion, Eq. (23). The first step is to calculate the yield
load, XF, to determine the boundary between elastic and
plastic behavior (Ay is the basis for a decision in a later step).
The second step is to determine the layer and stiffener stresses,
strains, and, hence, material properties at an estimated load
by a succession of numerical techniques (with the exception
that at the first estimated load, XF, the material properties
are elastic so the stresses and strains can be determined
directly). The third step is to calculate the buckling load
for each value of m and n at the material properties corre-
sponding to the estimated load and to select the absolute
minimum calculated buckling load from among values for a
prescribed range of m and n. The fourth and final step is
to compare the absolute minimum calculated buckling load
with the estimated buckling load to determine whether the
solution has been obtained. For the first estimated buckling
load, XF, if the absolute minimum calculated buckling load
is less than the yield load, buckling is elastic and the solution
has been obtained. If it is greater than the yield load, a
searching technique is developed herein for choosing a suc-
cession of estimated loads and repeating steps two through
four until the estimated plastic buckling load is the same
as the absolute minimum calculated plastic buckling load
to a prescribed accuracy. The searching technique is dis-
played in Fig. 3 and described in a subsequent section.

The stiffened multilayered shell is represented by its
geometry and by nonlinear stress-strain curves for each layer
and stiffener. The Nadai stress-strain curve for a 0.2%
offset yield stress is used for the purposes of illustration

> cry", 0.002 [(o-; - <JY)/(<TOY - <TY)]C
(25)

although any other nonlinear stress-strain relations can be
used if desired. The stiffeners and each layer can have
different values of E, v, cry, CTOF, and c in the author's com-
puter program.11

Determination of the Yield Load

In the axisymmetric elastic membrane prebuckled state,
the force-strain relations are given by

N, = (Bn + EsAs/b)e* + Blzev

Ny = Buex + (522 + ErAr/d)€y
(26)

Let Nx and Ny be related to a positive number X which rep-
resents the loading in the following manner

Nx = Ny = (27)

where ki and/or fe can be negative, although it is to be noted
that buckling occurs only when either ki or &2 is positive.
The objective of this section is to find the value of X which will
cause yielding in one layer of the shell or in the stiffeners.
To this end, let

AA = Bn + EsAs/b, BE =
CC = 522 + ErAr/a

Equations (26-28) can be written as

ki\ = A A €# -j- BBey, k%\ = BBex

(28)

CCey (29)
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DESIRED LOAD, Xd , IS ESTIMATED BUCKLING LOAD, Xg,
AND OLD LOAD, X 0 , IS ESTIMATED BUCKLING LOAD, Xe

IN PREVIOUS BUCKLING CALCULATION STEP

TO EXTRAPOLATE TO A DESIRED LOAD, \d,
CALCULATE STRAINS BASED ON

TANGENT STIFFNESSES AT OLD LOAD, X o

DETERMINE LAYER AND STIFFENER
STRESSES AND MATERIAL PROPERTIES

AT CALCULATED STRAINS

CALCULATE LOAD, X., AT CALCULATED STRAINS

IF X j = Xd TO
PRESCRIBED ACCURACY,

SOLUTION OBTAINED

Fig. 4 Procedure for determination of layer and stiffener
stresses, strains, and material properties at the estimated

buckling load.

Upon solution of Eq. (29) for ex

ex = [(BBk2 - CCki)/(BB* - AACC)]\ = A\ (30)
Similarly,

ey = [(ki - AAA)/BB]\ = B\ (31)
so the membrane strains are known in terms of the applied
loads. ; Upon substitution of the membrane strains in the
expression for the strain intensity in the kth layer

6ik = - Vk

(32)

and conversion to the stress intensity in the kth layer by
use of Eq. (4), the load causing yielding in the layered shell
is the smallest of

\Yk = (33)

where Ck is the coefficient of X in Eq. (32). For the rings,
the load which causes yielding is

Yr = \<TYr/ErB\ (34)

whereas for the stringers, the load which causes yielding is

XFs = \(TYS/ESA (35)
The yield load for the stiffened shell is the smallest of the X
in Eqs. (33-35). The yield load, of course, separates the
elastic behavior of the shell from the nonlinear behavior.
The stresses and strains at the yield load are obtained by sub-
stitution of the smallest X in Eqs. (30, 31, and 3) successively.

Determination of Layer and Stiffener Stresses, Strains,
and Material Properties at an Estimated Buckling Load

In order to determine the layer and stiffener stresses,
strains, and material properties at an estimated buckling
load, the load-deformation behavior of the stiffened multi-
layered shell must first be determined. For single-layered
shells in a membrane prebuckling equilibrium state, the load-
deformation behavior is merely a scaling constant times the
stress-strain behavior. However, multilayered shells, even
in a membrane prebuckling equilibrium state, exhibit much
more complex behavior because no such scaling constant
exists. Although the axial, as well as the circumferential,
strain is the same in each layer, the strain intensity, Eq.
(2), is not the same because the Poisson's ratio is different in
each layer.

Actually, at this stage in the solution, only a portion of the
load-deformation behavior is required, namely, the determi-
nation of the deformation at the estimated buckling load. At
each such required determination in the search for the

buckling load, the necessary steps are shown in Fig. 4 and
described as follows. The associated numerical techniques
are explained in more detail in the following paragraphs.
First, the load-deformation curve is extrapolated from a
known point to the new estimated load, Xd, at which the
strains are calculated using the material properties of the
known point. The second step is to calculate the layer and
stiffener stresses and material properties at the strains calcu-
lated in the first step. The third step is to calculate the
actual load from the layer and stiffener stresses at the calcu-
lated strains and compare it to the desired load. If the calcu-
lated load is not equal to the desired load, a new (smaller)
load increment is determined by the difference between the
calculated and desired loads. The steps are repeated until
the calculated load is the same as the desired load to a pre-
scribed accuracy. Three broad classes of iterations are noted
in Figs. 3 and 4: 1) load estimates; 2) strain estimates;
and 3) layer and stiffener stress estimates. The number of
iterations, subiterations, and subsubiterations that must be
undergone is highly dependent on the degree of nonlinearity
of the stress-strain curves and on the geometry of the con-
figuration. The number of iterations, etc., for a particular
case are given in the Numerical Example Section.

The extrapolation procedure, or tangent predictor tech-
nique, can best be explained by reference to Fig. 5 in the
following discussion. In Fig. 5, X is the load and A is a
characteristic deformation. The tangent extensional stiff-
nesses, Bij, are used to extrapolate from the old load, \0,
at the previous known deformation (starting with the yield
deformation and load at the beginning of the entire procedure
to solve the stability criterion) to the desired load, X^, at which
the deformation is. to be determined. If an increment in X
is formed in the manner of Eq. (27), the prebuckling force-
strain relations

Nx = (Bn + EseCsAs/b)ex

can be written in incremental form

(#22 ,nrAr/a) Ae2

(36)

(37)

DESIRED -

8

"OLD

OLD DESIRED
DEFORMATION, A

Fig. 5 Tangent predicator technique for obtaining load-
deformation curve.
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The increments in strain determined from Eq. (37) when
added to the old strains constitute an approximation to the
strains (or deformation, AI) at the desired X^. The question
remains to determine the actual Xi which corresponds to AI.
A procedure is described in the next two paragraphs for de-
termining the layer and stiffener stresses and material prop-
erties at the strains calculated from Eq. (37) corresponding
to AI. After the actual Xi is determined, another trial value,
A2, of the strains at the desired \d is obtained and the pro-
cedure is repeated until Xz- agrees with \d to a prescribed
accuracy. In Fig. 5, only two approximations are shown as
further approximations are so close to the desired solution as
to be indistinguishable at the scale of Fig. 5.

A set of strains for the layered shell is determined in the
preceding paragraph. Because of the membrane prebuckled
equilibrium state, the strains are equal in all layers so the
strains in each layer are known a priori. However, the ma-
terial properties, and hence the stresses, are not known in
each layer. The stresses are determined for each layer by
forming eipsk,

e,2) -

PRESCRIBED STRAIN

STRAIN, €

Fig. 7 Tangent predicator technique for determining uni-
axial stress at a prescribed uniaxial strain.

( vk + Vk j M y l (68) The rjng stress, for example, is given an increment

the strain intensity determined by the prescribed strains and
material properties at a given stress intensity, and searching
by an interval halving technique for the stress intensity with
a corresponding strain intensity, eik, which agrees with
€ipsk to a prescribed degree of accuracy. A schematic indica-
tion of the aforementioned procedure is given for a single
layer in Fig. 6. There, it is noted that eipsi > e^ so the stress
intensity is increased by ACT, to 0-f2. At ai2, eipS2 < ei2 so o-,-
is decreased by A<r»/2 to ari8 where eipS3 > ei3. Then, o\- is
increased by Acr;/4 to crz-4 at which point eipS4: < ei4. The
interval halving is repeated to continually bound the correct
solution closer from above and below until €ips = ez- to the
desired accuracy. The last step is to calculate the stresses
from Eq. (3) when the material properties are obtained from
the Nadai stress-strain curve for the determined stress
intensity.

The stress in the stiffeners is found by use of the tangent
predictor technique for determining uniaxial stress at a pre-
scribed uniaxial strain as illustrated schematically in Fig. 7.

STRAIN INTENSITY, 6 5

Fig. 6 Determination of stress intensity and strain inten-
sity for given ex and ey.

A0-y - EtanrA€yr (39)

where Aeyr. is initially the difference between the prescribed
strain and some convenient initial value of strain, say the
value at the previous load (at which Et^r is also evaluated).
The new strain, evr) corresponding to the new stress is calcu-
lated by use of the Nadai stress-strain relation for the stiffener.
Since the new strain does not agree with the prescribed strain,
their difference is used in Eq. (39) to obtain a new stress and
strain. The procedure is repeated until the new strain agrees
with the prescribed strain to the desired accuracy thereby
determining the stress and material properties of the stiffener
at the prescribed strain. This relatively simple procedure
is unsuitable for the determination of stresses in a layered
shell since the prescribed strains do not determine a unique
strain intensity from which to calculate incremental strain.
Accordingly, in that case the search for a solution would be
somewhat like a cat chasing its tail.

Calculation of the Absolute Minimum Buckling Load
at an Estimated Load

The buckling load calculated by use of Eq. (23) is actually
a function of the buckling mode parameters, m and n, as
well as the material properties at the estimated load. The
following discussion pertains to the determination of the
absolute minimum of the values of the calculated buckling
load, Xc, for a wide range of m and n.

First, the relative minima of Xc for a series of fixed values
of m are found by varying n over a prescribed range as in Fig.
8a. The absolute minima of the Xc for each value of m are
then compared to find the absolute minimum Xc for all m
and n in Fig. 8b. The aforementioned procedure of search-
ing for an absolute minimum Xc for discrete values of m and
n is necessary because of the possibility, for stiffened shells,
of obtaining more than one relative minimum as in Fig. 8b.
In such cases, ordinary procedures of determining a stationary
value of Xc by differentiating Xc with respect to m and n and
equating the results to zero are totally inadequate and mis-
leading. The sign of the second derivative must be examined
in order to determine whether a minimum, maximum, or in-
flection point has been obtained by the stationary value pro-
cedure which many individuals erroneously call "minimiza-
tion." Actually, the determination of such derivatives and
the associated logic for selection of the absolute minimum
would result in undesirable noninteger values of m and n
and would take about the same effort as the procedure used
herein. The present search procedure obviates the need
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• STATIONARY VALUES OF Xr

END OF SPECIFIED
RANGE OF n

a) Values of X for each value of n when m is fixed.
• STATIONARY VALUES OF

-ABSOLUTE MINIMUM
BUCKLING LOAD

END OF SPECIFIED
OF m

b) Absolute minimum values of \n for each value of m.
Fig. 8 Determination of absolute minimum buckling

load.

for determining any derivatives of Xe, but is subject to the
limitation that a sufficiently wide range of m and n must be
prescribed or the absolute minimum can be missed, i.e., the
range of m and n must include the values for the true absolute
minimum. Two factors ease the difficulty in deciding on the
range of m and n to be investigated: 1) practical experience
and 2) the computer program developed by the author11 notes
behavior such as a decreasing Xc as the end of the range of
n (or m) is approached, e.g., Fig. 8a, and prints a message
that the range of n (or m) should be increased. These two
factors lead to reasonable assurance that no relative mini-
mum which might be the absolute minimum is missed.

Comparison of Estimated and Absolute Minimum
Calculated Buckling Load

The buckling load which is calculated from Eq. (23) must
coincide with the estimated load for which the material prop-
erties in Eq. (23) apply in order for the plastic buckling solu-
tion to have been found. If the estimated load, \e, is too
low, the calculated load, Xc, is too high because the material
properties are too high. Conversely, if \e is too high, Xc is
too low. Thus, the aforementioned relation of \e to Xc is an
ideal criterion for use in a numerical technique to determine
where Xc equals Xe to a prescribed accuracy.

Various load estimates, Xt-e, are made in Fig. 9 on the load-
deformation curve and corresponding absolute minimum
calculated buckling loads are obtained by procedures dis-
cussed previously. The first load estimate, \ie, is the previ-
ously determined yield load for which the corresponding \ic
is too high in Fig. 9 because the material properties are too
high. Successive load increments, AX, of one-tenth the
yield load are added until Xic is less than Xt>, e.g., X4c < X4e in
Fig. 9. At this point, the estimated load is reduced by AX/2.
The new \te is compared to the corresponding \ic whereupon
\ie is increased by AX/4 or decreased by AX/2 according to
whether \ic > \ie or \ic < \ie as in Fig. 3. The load incre-
ment is halved at essentially each step until \ic = \ie to a

prescribed accuracy. This interval halving search pro-
cedure converges by virtue of the relation of \e to Xc and can
be shown to be the most efficient search procedure. The
iteration procedures which were attempted for the deter-
mination of where X,, equals Xc did not converge.

Numerical Examples

As mentioned in the Introduction, the numerous geo-
metrical and material parameters in the present investigation
cannot be nondimensionalized in a meaningful fashion, i.e.,
general results cannot be presented. Accordingly,' two
numerical examples are given in order to illustrate application
of the present theory. The first example is illustrative of the
new capability represented by the present theory in that
a heretofore unattacked problem, plastic buckling of a ring-
stiffened, four-layered shell under hydrostatic pressure, is
solved. The second example is a re-examination of a ring-
and stringer-stiffened shell which is representative of current
large diameter booster interstage structures. The buckling
of the latter shell under axial compression was studied by
Jones2 and is examined in order to illustrate the capability
of the present theory to treat negative loading components,
e.g., internal pressurization of axially compressed shells or
axial tension on a shell subjected to lateral pressure.

Ring-Stiffened Four-Layered Shell under
Hydrostatic Pressure

A ring-stiffened four-layered shell is examined as, for ex-
ample, a simulation of configurations with in-plane material
properties which vary in the radial direction due to thermal
degradation. Contrived material properties given in Table
1 are used in order to simplify the illustration. The corre-
sponding stress-strain curves are shown in Fig. 10. The
rings are of the same material as the first layer and are 0.25
in. high, 0.06 in. thick, and have a spacing which is varied
in the present example. The basic shell is 12 in. long, has
a radius of 6 in. to the reference surface which is chosen to be
the center of the innermost layer, and has four layers of un-
equal thickness fa = 0.040 in., fe = 0.030 in., U = 0.020 in.
and £4 = 0.010 in.). '

General instability (i.e., buckling in which the rings partic-
ipate) results for a varying ring spacing are shown in Fig. 11
in which plastic buckling is denoted by the solid curve and
elastic buckling is denoted by the dashed curve. Panel in-
stability (i.e., buckling between rings) results are shown in
Fig. 12 with the same notation as in Fig. 11. In both Figs.

ELASTIC BUCKLING-

3c

/ /^PLASTIC
BUCKLING

BUCKLING LOADS

X j - ESTIMATED

- CALCULATED

DEFORMATION, A

Fig. 9 Comparison of estimated and calculated buckling
loads.
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Table 1 Material properties of a four-
layered configuration

—— PLASTIC BUCKLING
--ELASTIC BUCKLING

Layer E, psi , psi (TOY,

1
2
3
4

10
6
4
2

X
X
X
X

106
106
106
106

0
0
0
0

.20

.25

.30

.35

2.0
3.0
4.0
5.0

20 X
9 X
4 X
1 X

103
103
103
103

30
13,
6
1.

X
.5 X
X

.5 X

103
103
103
103

11 and 12, cusps are noted at ring spacings where a layer (or
ring) yields and where the buckling mode shape changes.
A typical load-deformation curve is shown in Fig. 13 (for
a = 1.5 in.) wherein elastic behavior is denoted by a dashed
line and plastic behavior is denoted by a solid curve. The
results for Fig. 13 require about 1.4 sec of CDC 6600
central processor time (an IBM 360/65 FORTRAN G system
takes about three times as long). During that time, there
are 38 load estimates, 2-3 strain estimates per load estimate,
15-25 layer stress intensity estimates per strain estimate,
and 1-3 stiffener stress estimates per strain estimate.

If a balance between general and panel instability were
sought for the elastic case in Figs. 11 and 12, the "optimum"
ring spacing is 7 in. at a buckling pressure of 180 psi. How-
ever, when plastic effects are accounted for, the "optimum"
ring spacing is 5 in. at a buckling pressure of 175 psi. Per-
haps more important is the fact that at a ring spacing of 7
in., the elastic buckling pressure is 26% higher than the
plastic buckling pressure.

From an analysis, rather than a design, viewpoint, the
neglect of plastic effects in the present example results in
the buckling pressure being overestimated by from 20% to
90% as the ring spacing varies over the practical range from
4 in.-0.5 in. In addition, it can be noted by comparison of
Figs. 11 and 12 that the general and panel instability results
are much closer to each other for the plastic case than for the
elastic case.

A configuration like the aforementioned example except
with four layers, each 0.020-in. thick, yields slightly different
results. The optimum ring spacing changes from 3.5 in. in
the elastic case to about 1 in. in the plastic case. A striking
observation is the fact that, due to plastic effects, panel in-
stability governs over nearly the entire range of stiffener
spacings in contrast to the elastic case for which general in-
stability governs over a wide range of stiffener spacings.
In addition, the rings of the equal thickness four-layered shell
yield at a ring spacing noticeably different from the ring
spacing at which the innermost layer (to which the rings are
fastened) yields.

5 6 7 8 9 1 0 1 1 1 2

RING SPACING, a - in.

Fig. 11 General instability of a ring-stiffened four-layered
circular cylindrical shell under hydrostatic pressure.

is subjected to biaxial loading, including axial tension and
internal pressure. The geometry and material properties
are given by Jones2 in his study of the behavior of this
configuration under axial compression.

General instability results under biaxial loading are dis-
played in Fig. 14. The yield curve, which is denoted by a
dashed line with intermittent dots, separates the regions of
elastic and plastic behavior. Substantial reductions, es-
pecially at large axial tension or large internal pressure, from
the elastic results (dashed curve) are noted for the plastic
results (solid curve).

For boosters, it is sometimes desired to increase the re-
sistance to buckling under axial compression by use of in-
ternal pressurization, e.g., the Atlas missile. In the present
example, the net axial buckling force decreases with internal
pressurization due to effects of plastic deformation on the
buckling resistance. When this result is compared with the
prediction of increasing net axial buckling force with internal
pressurization under elastic conditions, it is obvious that sub-
stantial modification must be made to the usual conclusion
that internal pressurization increases the buckling resistance
of boosters. Although some benefit is obtained by use of
internal pressurization, the elastic approach would result in
an overestimate of the axial buckling load by 30% at 100-psi
internal pressure. Similar results are obtained for the use of

Stiffened Large Diameter Booster Interstage
Structure under Biaxial Loading

A ring- and stringer-stiffened aluminum shell which is
representative of large diameter booster interstage structures

Fig. 10 Stress-
strain curves for four
contrived materials.

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
STRAIN

——— PLASTIC BUCKLING
---ELASTIC BUCKLING

4 5 6 7 8

RING' SPACING, a - in.

Fig. 12 Panel instability of a ring-stiffened four-layered
circular cylindrical shell under hydrostatic pressure.
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g= 200

/-^ELASTIC
/ BUCKLING

0.001 0.002 0.003

CIRCUMFERENTIAL STRAIN - €y

Fig. 13 Load-deformation curve for a ring-stiffened four-
layered circular cylindrical shell under hydrostatic pres-

sure.

axial tension to increase the buckling resistance under lateral
pressure.

Concluding Remarks

A transcendental stability criterion is derived for plastic
buckling of eccentrically stiffened circular cylindrical shells
with multiple isotropic layers under combinations of axial
and lateral pressure (including one component of pressure
which causes tension). The deformation theory of plasticity
is utilized in conjunction with classical stability theory,
which implies a membrane prebuckled shape, for a set of
simply supported edge boundary conditions. The technique
of applying this type of stability criterion is discussed for the
first time and includes new procedures required for multi-
layered shells.

The numerous geometrical and material parameters in the
present investigation cannot be nondimensionalized in a
meaningful fashion, i.e., general results cannot be presented.
Accordingly, two numerical examples are given to illustrate
application of the derived theory. The first example is a
ring-stiffened four-layered shell under hydrostatic pressure.
For one case, plastic effects result in a decrease of the opti-
mum ring spacing from the value predicted by use of an elastic
solution. In addition, it is shown that over a practical range
of ring spacing, elastic results are from 20-90% too high. In
another case, plastic effects result in panel instability govern-
ing over a much wider range of ring spacings than under
elastic conditions. The second numerical example involves
a ring- and stringer-stiffened aluminum shell which is repre-
sentative of a large diameter booster interstage structure
subjected to biaxial loading (including axial tension or in-
ternal pressure). Because of plastic effects, the benefit of in-

30

25

| 15

S 10i
i 5

, 0

i -5
i ~10

-15

1-20
oo
j±!-25

-30

-35

-40

-45

—————PLASTIC BUCKLING
----ELASTIC BUCKLING
.._.-. -YIELDING

200 100
EXTERNAL

-200 -300 -400
INTERNAL

PRESSURE - psi

Fig. 14 Buckling of a large diameter booster interstage
structure with internal rings and external stringers under

biaxial loading.

ternally pressurizing an axially compressed shell is sub-
stantially reduced. Similar results occur when axial tension
is used to stabilize an externally pressurized shell.
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